Abstract. An algorithm for determining the list of smallest volume rightangled hyperbolic polyhedra in dimension 3 is described. This algorithm has been implemented on computer using the program Orb to compute volumes, and the first 825 polyhedra in the list have been determined.
Introduction
In a prior paper [Ino08] , I described how to organize the volumes of the infinite family of compact, right-angled hyperbolic polyhedra in hyperbolic 3-space H 3 . This involves applying one of two combinatorial operations to the 1-skeleton of the polyhedron -either delete an edge (edge-surgery) or split the polyhedron along an "incompressible" polygon into a pair of polyhedra (decomposition). The effect of this modification is to reduce the average complexity of the polyhedron, while keeping it in the family of right-angled polyhedra. Repeated application of these modifications produces a chain of polyhedra which terminates in a family of rightangled polyhedra which are "atomic" with respect to these operations. These are called Löbell polyhedra. Every non-Löbell right-angled hyperbolic polyhedron can have one of these operations performed on it. In particular, every right-angled hyperbolic polyhedron can be obtained by applying these operations in reverseeither add an edge or glue two polyhedra together.
The geometry of a right-angled hyperbolic polyhedron is determined completely by its combinatorics. Once the 1-skeleton of the polyhedron is given (a trivalent planar graph with some additional conditions to be described), the geometric structure which makes the polyhedron right-angled and hyperbolic is unique in the sense that any other right-angled hyperbolic polyhedron with an isomorphic 1-skeleton is isometric to the one given. This leads one to suspect that a combinatorial approach to geometric problems, such as the ordering of volumes, is feasible.
In fact, the combinatorial operations of edge-deletion and decomposition described above have realizations as geometric operations. Edge-deletion looks like increasing the dihedral angle measure of the edge being deleted so that it goes from π 2 to π while also leaving all the other edges with right-angled dihedral angles -so a sort of continuous flattening. This deformation is analogous to 3-manifold surgery. Decomposition is like cutting all the way through the polyhedron with a knife, then molding of the resulting pieces to make them right-angled polyhedra.
It happens that each of these operations decreases the volume of the polyhedron, except in some special cases of decomposition where the splitting surface is a totally geodesic polygon (in this case, the volume does not change). It is also the case that the average number of faces of each component of the polyhedron will decrease (keep in mind that decomposition actually splits a polyhedron into pieces and I am blurring the distinction between a polyhedron (singular) and polyhedra (plural)). Therefore, this process will eventually terminate. In fact, this process terminates in a family of Löbell polyhedra.
So we have the following situation. Start with a non-Löbell right-angled hyperbolic polyhedron P . Repeatedly apply either edge surgery or decomposition resulting in a chain of right-angled polyhedra eventually terminating in a collection of Löbell polyhedra L:
Taking the volume of each polyhedron in the above chain produces a chain of inequalities of volumes of right-angled hyperbolic polyhedra:
The number Vol(L) can be explicitly calculated since there are known formulas for the volumes of right-angled hyperbolic Löbell polyhedra [Ves98] .
A simple corollary of this result is that the smallest and second-smallest rightangled hyperbolic polyhedra are the Löbell polyhedra L 5 and L 6 respectively. The 1-skeleta of these polyhedra are in Figure 1 . Note that L 5 is the right-angled dodecahedron. The main result described in this paper is to extend this list from the two smallest polyhedra to the 825 smallest polyhedra via an algorithm implemented on computer. Also provided is a way to extend this list to many thousands of entries if certain computational obstacles can be overcome.
Preliminaries
The setting for the polyhedra throughout this paper is hyperbolic 3-space H 3 . A right-angled hyperbolic polyhedron is a compact intersection of finitely many hyperbolic half-spaces such that if the boundaries of two of these half-spaces intersect, then the intersection has a dihedral angle measure of π 2 . Such polyhedra can be viewed as Coxeter orbifolds. The action of the group generated by reflections in the boundaries of half-spaces of right-angled polyhedra produces beautiful tilings of H 3 similar to the familiar tiling of euclidean space by cubes.
1
In 1967, A. Pogorelov classified right-angled hyperbolic polyhedra by the combinatorics of their 1-skeleta [Pog67] : Theorem: (Pogorelov 1967 ) A polyhedron P has a geometric realization in H 3 as a right-angled hyperbolic polyhedron if and only if:
(1) The 1-skeleton of P is trivalent.
(2) There are no prismatic 3 or 4-circuits (defined below). This geometric realization is unique up to isometry.
A prismatic k-circuit is a closed curve on the boundary of the polyhedron which intersects exactly k edges transversely such that no two of these edges share a vertex. A prismatic k-circuit can be viewed as a polyhedral analog of the notion of incompressible surfaces for 3-manifolds as it bounds a topological k-gon in the polyhedron. If the hyperbolic polyhedron is right-angled, we can understand the prohibition of prismatic 3 and 4-circuits as being analogous to the prohibition of essential spheres and irreducible tori in hyperbolic 3-manifolds since right-angled triangles are naturally spherical and right-angled quadrilaterals are euclidean.
Pogorelov's result demonstrates that right-angled hyperbolic polyhedra are fundamentally combinatorial as they are determined completely by their 1-skeleton.
Two distinct faces F 1 and F 2 of a right-angled hyperbolic polyhedron P are edge-connected if they are nonadjacent and there exists an edge e of P connecting a vertex of F 1 to a vertex of F 2 . Such an edge will be said to edge-connect F 1 and F 2 . Since P has a trivalent 1-skeleton, every edge of P edge-connects a unique pair of faces.
A face F of P is large if it is a k-gon with k ≥ 6. If an edge e edge-connects two large faces and it is not intersected by a prismatic 5-circuit, then this edge is said to be very good. It has been shown that deleting the interior of a very good edge and demoting the endpoints to non-vertices results in a new right-angled hyperbolic polyhedron with one less face, three fewer edges, and two fewer vertices. This new polyhedron has strictly less volume than the one started with. Call this process edge-deletion.
If a polyhedron P has a large face F , then we can add an edge to P by connecting two points which lie on the interiors of two different edges, as long as these edges are separated by at least two edges in F . These conditions ensure that the polyhedron which results will not have any prismatic 3 or 4-circuits, and so will have a realization as a right-angled hyperbolic polyhedron. Call this operation edge-addition.
Every right-angled hyperbolic polyhedron other than the dodecahedron has a large face. Therefore, edges can almost always be added to a polyhedron to generate 1 See, for example, the video Not Knot for a guided tour of H 3 tiled by right-angled hyperbolic dodecahedra [GM91] .
new examples of right-angled polyhedra. Call the polyhedra which result from edge-addition edge-children and the set of all edge-children, edge-children of the edge-children, etc. the edge-descendants.
The other fundamental operation needed is composition, and its inverse, decomposition. If two polyhedra P 1 and P 2 both have a face which is a k-gon, then by choosing a combinatorial isomorphism of these k-gons, P 1 and P 2 can be glued together along these faces. Most of the time, the faces will not be isometric to one another in the geometric realization of P 1 and P 2 and so this gluing may not make so much sense geometrically. But it's certainly fine to do topologically or combinatorially -identify the subgraphs of the 1-skeleta corresponding to the kgons using the combinatorial isomorphism, delete the interiors of the edges of the k-gons, and demote the vertices to non-vertices. It turns out that this operation, which will be called composition, results in a right-angled hyperbolic polyhedron. The inverse operation, splitting a polyhedron into two right-angled polyhedra, is called decomposition.
Decomposition should be viewed as the polyhedral analog of decomposition of Haken hyperbolic 3-manifolds along incompressible surfaces. Note that composition along a k-gon will have a distinguished prismatic k-circuit bounding a topological k-gon in the polyhedron which is analogous to an incompressible surface. Taking this analogy a little further, a result of Agol, Storm, Thurston and Dunfield [ADST07] sheds light on the effect of composition/decomposition on volume. If P is a composition of Q 1 and Q 2 , then
with equality occurring if and only if the polygonal gluing sites are isometric.
An infinite family of right-angled hyperbolic polyhedra called the Löbell polyhedra can be constructed as follows. Start with an n-gon where n ≥ 5. Attach to each edge of this n-gon a pentagon, and glue the remaining edges of the pentagon together to produce a bowl shape. Two copies of this can be glued together to produce a polyhedron L n with two n-gons, and 2n pentagons. These polyhedra are notable in that they have no very good edges and are not formed by the composition of any two right-angled polyhedra. See Figure 1 for pictures of the Löbell polyhedra.
The main result of [Ino08] is the following:
Theorem 1. Let P 0 be a compact right-angled hyperbolic polyhedron. Then there exists a sequence of disjoint unions of right-angled hyperbolic polyhedra P 1 , P 2 , . . . , P k such that for i = 1, . . . , k, P i is gotten from P i−1 by either a decomposition or edge surgery, and P k is a set of Löbell polyhedra. Furthermore,
Corollary 2. Every right-angled hyperbolic polyhedron can be obtained by a sequence of either edge additions or compositions applied to a set of Löbell polyhedra.
Description of the Algorithm
Orb is a program written by Damien Heard for computing geometric structures of many 3-dimensional orbifolds [Hea13] . It is an extension of Jeff Weeks' Snappea program for 3-manifolds [Wee01] . Orbifolds with underlying space S 3 are typically entered into Orb by manually drawing the singular locus of the orbifold on a planar canvas that is part of the user interface. The singular locus will be a (possibly) knotted graph. The user then specifies the cone angle at each edge. Orb triangulates the resulting orbifold and numerically computes the hyperbolic structure on each tetrahedron which glue together to produce the orbifold (assuming a hyperbolic structure exists). One can then probe various aspects of the geometrized orbifold such as volume, lengths of geodesics and many other things.
Orb can compute the volume of a right-angled hyperbolic polyhedron P by constructing an orbifold double cover Q. This orbifold is easily visualized by taking two copies of P and gluing each face of one copy to the corresponding face of the other. As P is homeomorphic to a ball, this doubling operation produces an orbifold Q with underlying space S 3 whose singular locus is the 1-skeleton of P . The cone angle of each edge of the singular locus of Q is π. This orbifold Q has a hyperbolic structure, and since it is a double cover of P , the volume of Q is precisely twice that of P . All volumes reported in this paper come from Orb in this way.
The orbifolds constructed in Orb's user interface can be saved to a plain text file which stores the triangulation of the orbifold in Casson format. If the geometric structure of the orbifold has been computed, then this data is also saved to the file.
The algorithm used here implements a highly stripped-down version of Orb called Vol (named simply to distinguish from Orb) which works from a command line interface. Vol accepts an orb file and outputs the volume to the console. This simplified console version of Orb the makes automating the computation and ordering of volumes easier.
Edge-addition is implemented as a python program. It accepts an Orb file containing a triangulation of P as input. The program will then find large faces of P and add an edge connecting points of two edges which separated by at least two edges on either side. It will then triangulate the resulting orbifold to produce an edge-child of P , then save the result as an Orb file. This function can be repeatedly invoked to produce all of the edge-children of P .
I did not bother to implement composition of polyhedra as a computer program. The justification for this is given below.
The algorithm proceeds as follows. A file L is read at the start. It serves as a plain text database containing a row for each polyhedron that has been constructed. Each invocation of the algorithm can extend the number of polyhedra represented in L by quite a large number. However, each invocation extends the list of smallest volume polyhedra by exactly one. This is because L contains the rank-ordered list of smallest polyhedra, but also contains the children of these.
If the algorithm has never been invoked on L, then L contains only certain polyhedra chosen to generate a complete list of the polyhedra whose volume is below some pre-determined value (more on this in Theorem 3). These initial polyhedra serve as seeds for the program to work from. It is clear that some of the smallervolume Löbell polyhedra must be included in this initial list, but there are others that must be added as well. More on this later.
The algorithm scans the list L by volume and finds the smallest polyhedron P whose edge-children have not yet been computed. This polyhedron is the nextsmallest polyhedron in the list and is recorded as such by assigning it its rankordering in terms of smallest volume (for example, L 5 is identified as "1.orb" in the list L after the very first invocation of the algorithm). When it finds P , the algorithm computes every possible child of it. Each child C is then tested to see if it already on the list or not. This is done by checking if the 1-skeleton of C (a trivalent planar graph) is graph-isomorphic to the 1-skeleton of a polyhedron already on the list. For the graph isomorphism task, the python module graph-tool is used [Pei15] . It contains a function for testing graph isomorphism. However, for the sake of efficiency, before this graph-tool function is called, the face vector of the child C is computed. This face vector is a vector of integers which keeps track of the number of pentagons, hexagons, septagons, octagons, etc. among the faces of P . So, for instance, L 8 has face vector [16, 0, 0, 2] since it has 16 pentagonal faces and 2 octagonal faces. From L, all of the polyhedra which have the same face vector as the child are collected -obviously those which do not have the same face vector as C cannot be isometric to C. This serves as a computationally cheap first-pass filter which cuts down on the number of graph isomorphism checks that need to be done.
However, there can be hundreds of polyhedra listed in L which have the same face vector as the child C. In this case, rather than calling the graph isomorphism function hundreds of times, the algorithm will instead run the child C through Vol, then collect from L all the polyhedra with the same recorded volume as C. Then the graph isomorphism test compares C with this presumably smaller family of polyhedra. If C is not found to be in the list of polyhedra with the same volume, then it is tested for graph isomorphism against the entire list of polyhedra with the same face vector. This is to ensure that the absence of C from the list of same-volume polyhedra isn't due to numerical error in Vol.
At this point, if C is not found to be in the list L, it is run through Vol (if it has not already) to obtain its volume. A new row is added to L containing the relevant information. If C is found in L, then the fact that P is a parent of C is recorded in the row corresponding to P so as to record the "family tree" of right-angled polyhedra. See Figure 2 .
But there is an additional wrinkle in this process. Sometimes for particular triangulations of polyhedra with a relatively large number of faces (25 or greater), Vol is unable to find a geometric solution to the gluing equations. A rejiggering of the triangulation can sometimes get Vol to find the geometric solution and hence the correct volume. However, there are still a handful of polyhedra which do not have an "Vol-certified" volume. This is an obstacle to getting a long list of smallest-volume polyhedra. Examining the parentage of the problematic polyhedra reveals that this obstacle will limit the correctness of the list to the first 825 right-angled polyhedra. If this problem could be fixed, then the list of smallest-volume polyhedra could go from 825 polyhedra to many thousands of polyhedra long.
To summarize:
(1) A file L which contains a list of initial polyhedra (the seeds) and some of their edge-descendants is read into memory. (2) The smallest volume polyhedron P listed in L whose edge-children have not yet been computed is found. This is the next smallest volume polyhedron. The orb file which triangulates P is read into memory. (3) A python program finds the large faces of P and performs all possible edge-additions until all edge-children have been created. (4) Each edge-child Q is compared against the polyhedra in the list L to see whether it can be found in L.
• To reduce the number of polyhedra in L which need to be compared to Q, polyhedra in L with the same face vector as Q are collected. Call this list F.
• If the number of polyhedra in F is bigger than some threshold value, then the volume of Q is computed using Vol and all polyhedra in L with the same computed volume are collected. Call this list V.
• graph-tool tests for graph isomorphism between Q and elements of V.
• If a graph isomorphism is found, go to step (5a).
• If a graph isomorphism is not found, then Q is tested for graph isomorphism against all the elements in F. If it is not found to be isomorphic to something in F, go to step (5b). Otherwise, go to step (5a).
• If the number of polyhedra in F is smaller than some threshold value, then each polyhedron in F is tested to see if it is isomorphic to Q. (5a) If Q is found to be in L, then the fact that P is a parent of Q is recorded in the row corresponding to P , and Q is then discarded.
(5b) If Q is not found to be in L, then the volume of Q is computed (if it has not already been computed), a new row is added to L and the volume and face vector are recorded.
• If the volume calculation fails for Q, this is also recorded. If later a triangulation is found for which the volume calculation of Q is successful, the row in L corresponding to Q is updated with the information. (6) All polyhedra created which were found to be previously unrepresented in L are written from memory into an orb file. The list L with its updated information is written to a file. All of the programs mentioned above are freely available. The python progrms and the modified version of Orb, along with the Orb files I generated running the program, are freely available upon request.
Composition
I decided not to include a computer implementation of composition because of the computational cost of computing all possible compositions of two polyhedra. To demonstrate this, note that every right-angled hyperbolic polyhedron has at least 12 pentagonal faces. Unless some symmetry conditions can be exploited, the number of compositions between two polyhedra is at least 12 × 12 × 10 = 1440 and this only counts compositions along pentagons. There will be an even greater number if both polyhedra have hexagons, septagons, etc. Finding the complete set of compositions of every pair of polyhedra in the existing list of smallest polyhedra would be very computationally expensive, and so my decision was to forgo it.
Many polyhedra which can be obtained by composition do not need composition to be built up from the Löbell polyhedra -edge-additions alone will suffice. So such compositions will be included in the list as edge-children of the Löbell polyhedra. But this is not always the case. An example of a polyhedron which cannot be obtained from edge-additions on the Löbell polyhedra is the composition of the dodecahedron with itself denoted L 5 ∪ L 5 . Note that by symmetry of L 5 , there is only one possible composition of these two dodecahedra. This composition can be thought of as doubling L 5 along any one of its faces. Since this polyhedron fails to have any very good edges, decomposition is required to break it down into Löbell polyhedra.
I noted above that the program needs some initial set of polyhedra (seeds) to begin computing the list of smallest polyhedra. Denote this initial set I and the union of I with set of all edge-descendants by D(I). If I consists only of Löbell polyhedra, then
So the question becomes, "If I consists of the Löbell polyhedra and L 5 ∪ L 5 , is D(I) the set of all right-angled hyperbolic polyhedra?" The answer to this question is no. This will be discussed more below.
I will prove the following weaker proposition:
Theorem 3. If I consists of the Löbell polyhedra and L 5 ∪L 5 , then the set of rightangled hyperbolic polyhedra whose volume is less than 15 is contained in D(I).
Proof: Corollary 2 says every right-angled polyhedron P is obtainable by edgeadditions and compositions of the Löbell polyhedra and their edge-descendants. By definition, if P is obtainable from the Löbell polyhedra using only edge-additions, then it is included in D(I). In light of this, the only polyhedra which could be excluded from D(I) are compositions and their edge-descendants. The theorem is proved if it is shown that all compositions which have volume less than 15 are contained in D(I).
Here is a simple result which is helpful to this end:
Lemma 4. Suppose one of the following statements holds for a right-angled polyhedron P :
(1) P has a pair of very good edges e 1 and e 2 which satisfy the following conditions:
(2) P has three very good edges, e 12 , e 23 , e 31 , no two of which belong to the same face, and which edge-connect faces F 1 to F 2 , F 2 to F 3 , and F 3 to F 1 . Then any composition of polyhedra which involves P contains a very good edge e which has the property that edge-deleting e will result in a polyhedron which is decomposable.
The utility of this result is that if Q is the composition of two polyhedra P 1 and P 2 , one of which satisfies the conditions of the lemma, then Q must have a very good edge which when deleted results in a strictly smaller-volume composition. If it has been shown that this smaller-volume composition is in our the list of edgedescendants D(I), then it follows that Q will also be in D(I).
Proof of Lemma:
This proof will begin with a sub-lemma.
Sub-Lemma 5. Suppose e is a very good edge of P . Denote the faces of P to which e belongs J 1 and J 2 , and the faces that e edge-connects K 1 and K 2 . Denote by eP the polyhedron which is obtained by edge-deletion of e. Then the composition P ∪ Q along a face F ⊂ P other than K 1 , K 2 , J 1 , and J 2 has a very good edge which when edge-deleted, results in the composition eP ∪ Q.
Proof of Sub-Lemma: For ease of communication, it is useful to define topological inclusions of P and Q into the composition P ∪ Q. The polyhedron P ∪ Q has a distinguished prismatic k-circuit, call it d corresponding to the boundary of the face F that was the site of the composition. The prismatic k-circuit bounds an embedded topological k-gon in P ∪ Q which is the site on the boundary of P where P and Q were glued. Splitting P ∪ Q along this topological k-gon produces two components which are topologically and combinatorially isomorphic to P and Q. This defines inclusions i : P → P ∪ Q and j : Q → P ∪ Q,
A simple observation about a composition involving P is that it does not decrease the number of edges in any face of P which is not the gluing site F . By this I mean that if G is any face of P other than F , i(G) is a face of P ∪ Q which has at least as many edges as G. Further, composition necessarily increases the number of edges of those faces which are adjacent to F . By this I mean that if C is a face of P adjacent to F , then i(C) is contained in a face of P ∪ Q which has more edges than C.
Therefore, returning to the context of the sub-lemma, since composition takes place at a face other than K 1 or K 2 , these faces do not see a decrease in their number of edges. Also, since the composition does not happen at J 1 or J 2 , we know that i(e) is an edge of P ∪ Q. Therefore, i(e) edge-connects two large faces, namely i(K 1 ) and i(K 2 ).
For the purposes of establishing a contradiction, suppose that i(e) is an edge intersected by a prismatic 5-circuit c. If c does not intersect the distinguished prismatic k-circuit d described above, then c must be a prismatic 5-circuit contained entirely in i(P ). This implies that e is intersected by a prismatic 5-circuit in P . This is a contradiction.
So suppose c intersects d. Since c and d are simple closed loops on a sphere, they must intersect in at least two points. These two points can get mapped back to P by the inverse map i −1 : i(P ) → P . Since c is prismatic, these two points in P lie on two different edges of the face F which do not share an endpoint. These two points can then be connected by a curve lying entirely within F to connect the endpoints create a prismatic circuit in P . Note that this prismatic circuit necessarily intersects fewer edges in P than c does in P ∪ Q. This is a contradiction.
This proves that i(e) is a very good edge of P ∪ Q. Let R denote the polyhedron which is obtained by edge-deleting i(e). Note that d persists as a prismatic k-circuit in R and splitting R along the topological kgon bounded by d results in components combinatorially isomorphic to eP and Q. Therefore, R is eP ∪ Q.
This ends the proof of the sub-lemma.
Returning to the proof of the lemma, for any composition of P and Q along a face F ⊂ P , either of the conditions on P described in the statement of the lemma guarantees the existence of a very good edge in P which is disjoint from F .
Suppose P satisfies the first condition of the lemma. The faces which e 1 edgeconnects are denoted F 1 and F 2 -denote the faces to which e 1 belongs by J 1 and J 2 . If the face F where the composition is to take place is not one of these four faces, then the conclusion of the lemma follows from the sub-lemma.
So suppose F = F 1 . Then by condition (b), F is not G 1 nor G 2 , and by condition (c), e 2 is not an edge of F . Therefore, this choice of edge e 2 and gluing face F satisfy the conditions of the sub-lemma, from which the lemma follows. A similar argument works if F = F 2 .
So suppose F = J 1 . Then e 1 is an edge of F . Then by condition (a), e 2 is not an edge of F and by condition (c), neither G 1 nor G 2 is F . Thus, the lemma follows.
The above argument can be trivially adapted by relabeling indices to show that if F = G 1 , F = G 2 , or e 2 is an edge of F , then e 1 and F satisfy the conditions of the sub-lemma. Hence, the conclusion of the lemma follows from condition (1). Now consider condition (2) of the lemma. Suppose F = F 1 . Then F is neither F 2 nor F 3 . Further, e 23 cannot be an edge of F since trivalence would then imply F 1 is adjacent to both F 2 and F 3 which would preclude the existence of a very good edge (or any edge at all) between them. Therefore, the choice of edge e 23 and choice of gluing site F = F 1 satisfy the conditions of the sub-lemma, and so the lemma follows. This argument can be adapted to the cases where F = F 2 or F = F 3 as well.
Suppose F has e 12 as an edge. Then neither e 23 nor e 31 are edges of F . Neither F 1 nor F 2 can be F since e 12 edges connects F 1 and F 2 . Further, F 3 cannot be F trivalence would imply that F 3 is adjacent to F 1 and F 2 . Therefore, the lemma follows.
This ends the proof of the lemma. Returning to the proof of the theorem, since only compositions of volume less than 15 need to be considered, I will restrict attention to compositions involving the 39 smallest-volume polyhedra in the set D(I) -denote this subset A. This is because any composition that involves a polyhedron in D(I) larger in volume than those in A is necessarily larger than 15 in volume 2 . I will denote the nth smallest polyhedron in A by A n . So, for instance, A 1 = L 5 , A 2 = L 6 , and A 3 is the unique polyhedron obtained by edge-addition on L 6 .
By manual observation of 1-skeleta, those polyhedra which satisfy the conditions of the lemma can be detected (see Appendix B for pictures of these 1-skeleta). It happens that 13 of the polyhedra in A fail to satisfy the conditions of the lemma. Denote this set of 13 polyhedra B. Interestingly, B contains exactly those polyhedra which are not edge-descendants of A 2 = L 6 . Figure 2 shows the family tree of edgedescendants. Notice that A 1 , A 4 , A 7 , A 11 , A 12 , A 18 , A 23 , A 26 , A 29 , A 30 , A 35 , A 39 are all missing from this family tree. Adding A 2 completes the list B. Table 1 contains the volumes of all the elements of A. Shaded in gray are those polyhedra which lie in B.
The task now is to show that compositions of two polyhedra in B and which have volume less than 15 are elements of D(I). Once this has been shown, the theorem will be proved.
Here is the idea for how this proves the theorem. Consider a composition of any two elements of A, say P ∪ Q. If one of them satisfies the conditions of the lemma (that is, one of them is in A \ B), then an edge-deletion will obtain eP ∪ Q. Note that since the volume of eP is strictly smaller than that of P , eP is also in A. If either eP or Q satisfies the conditions of the lemma, then we can repeat this process. Repeat until both of the components of the composition fail to satisfy Certain pairs of polyhedra do not need to considered since the volume of the composition is easily determined to be larger than 15 (recall the lower bound on composition vol(P ∪ Q) ≥ vol(P ) + vol(Q)). For instance, for any polyhedron in B whose volume is larger than 9, only the composition with the dodecahedron A 1 needs to be considered since composing it with anything with larger volume will result in a polyhedron whose volume is larger than 15. This reduces the amount of work to do considerably.
Pairs of polyhedra in B whose compositions need to be considered and shown to be in D(I) are:
• (A 1 , * ), where * is any element of B, • (A 2 , A 2 ), (A 2 , A 4 ), (A 2 , A 7 ) Note that the polyhedra A 1 , A 2 , A 4 , A 11 , and
Many of these pairs have polyhedra with symmetry which reduces the number of compositions that need to be considered. For example, the symmetries of the dodecahedron A 1 mean that the number of compositions between A 1 and any other polyhedron P is determined by the number of pentagons that P has as faces.
To show that compositions of these elements of B are in D(I), I constructed the composition in Orb's graphical user interface (really, it is the double cover which I constructed). This produces an orbifold which I can compare against the set D(I) (namely the polyhedra represented in the list L) by checking for graph isomorphism.
This method shows that every composition of pairs of elements of B is in D(I) except one! This exceptional composition is A 39 ∪ A 1 along one of A 39 's fifteen pentagonal faces (see Figure 3) . Fortunately, this composition has volume 15.07032... and so does not contradict the theorem. I will discuss this interesting counterexample more below.
This proves the theorem. So to reiterate: every right-angled hyperbolic polyhedron with volume less than 15 can be obtained by repeated edge-additions on a Löbell polyhedron or L 5 ∪ L 5 . Therefore, the list of polyhedra whose volume is less than 15 can be obtained without having to implement composition algorithmically. 
Results
A table of volumes of the 825 smallest polyhedra appears in the appendix in this paper. The Tutte embeddings of the 100 smallest polyhedra also appears in the appendix. In Figure 4 , a scatter plot of the volumes of the first 200 smallest polyhedron is given.
Problems and Questions
Here are some questions which I think are interesting:
(1) The list as it currently stands consists of 825 polyhedra. The 825th smallest right-angled polyhedron has volume 13.42033. But Theorem 3 implies that this list can be greatly extended without needing to introduce composition. The obstacle is that Orb is unable to compute the hyperbolic structure of certain right-angled hyperbolic polyhedra in my list and so I cannot accurately place them in the list. If a way of obtaining a reliable volume for these polyhedra comes to exist, then the list could probably be extended to many thousands of polyhedra. (2) The claim that every right-angled hyperbolic polyhedron is an edge-descendant of the Löbell polyhedra or L 5 ∪L 5 is false -a counterexample is provided by a composition of A 39 and A 1 = L 5 (see Figure 3 ). This polyhedron cannot be an edge-descendant of anything because it has no very good edges. Of course, this polyhedron could be added to I, and the list of smallest-volume polyhedra would then be extended without implementing composition, but there is no telling where the next such exceptional polyhedra will appear. Is there a characterization of polyhedra which are not edge-descendants? (3) A 39 is also notable because its Orb-reported volume is equal to the Orbreported volume of A 38 up to twelve digits of precision. This is not so unusual later in the list, when volumes become more dense. But two polyhedra with almost the same volume occur so early in the list is remarkable and raises the question: Why? Non-isometric polyhedra with the same volume can also arise by doubling a polyhedron across its various faces however A 38 and A 39 are not related in this way. See Figure 5 . (4) This list depends heavily on Orb and graph-tool. These are fantastic opensource programs but I lack the expertise to judge their numerical accuracy and correctness which are issues when working with very complicated polyhedra. Are these programs reliable enough to trust all of the information found in this list? (5) Being able to see these hyperbolic polyhedra in their native habitat (namely H 3 ) would be beautiful. A nice project would be to write a program which can take the geometric triangulation data found in Orb and create an image of the polyhedra in, say, the Poincaré ball model. The program Geomview is able to render such images, so this is really just a matter of translating from Orb's file format to Geomview. 
